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The interaction between three moving collinear Griﬃth cracks under antiplane shear stress situated at the interface of
an elastic layer overlying a diﬀerent half plane has been studied. Fourier transform and ﬁnite Hilbert transform techniques
have been employed to solve the problem. Approximate analytical expressions for stress intensity factors at the crack tips
have been derived for large thickness of the elastic layer. Numerical results connected to the interaction eﬀect have also
been obtained. Depending on the spacing of the cracks, their common velocity of propagation and the depth of the layer,
occurrence of shielding and ampliﬁcation phenomena of the cracks have been noticed.
 2006 Elsevier Ltd. All rights reserved.
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In the recent past the concerns with mechanical failures initiating largely at the interfacial regions of
bonded materials have led to extensive studies for the purpose of understanding the interaction between ﬂaws
that may exit in these regions and applied loads and other environmental factors. Mismatch between materials
forming composities produces residual stress, which may initiate debonding, delamination and microcracks.
Physical existence of a pair of collinear Griﬃth cracks is a simple example of such ﬂaws. Existence of such
ﬂaws has been considered by many authors like Willmore (1949), Lowengrub (1975), Erdogan and Wu
(1993), Das (2003), Shbeeb et al. (1999), etc.
The diﬀraction of elastic waves by one or more cracks moving along the interface of two elastic media has
been studied by Dhaliwal et al. (1992a,b), Das and Ghosh (1992), Srivastava et al. (1980), Bostrom (1987), etc.
But to our knowledge, the diﬀraction of elastic waves by three moving interfacial cracks has not been inves-
tigated so far. Analytical studies of crack interaction problems can be found in Sneddon and Lowengrub
(1969), Rose (1986), Lam et al. (1993), Brencich and Carpinteri (1996), Das and Patra (1996) and many others.0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2006.04.001
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S. Das / International Journal of Solids and Structures 43 (2006) 7880–7890 7881In the present paper, the interaction between three collinear Griﬃth cracks under antiplane shear stress, prop-
agating with constant velocity along the interface of an elastic layer of ﬁnite thickness h overlying a semi-inﬁ-
nite medium of diﬀerent elastic properties, has been considered. The resulting mixed boundary value problem
is reduced to the solution of a set of triple integral equations, which are further simpliﬁed by using a pertur-
bation technique retaining terms up to the order of h2 for large h. The resulting integral equations are then
solved using Hilbert transform technique and Cooke’s result and approximate analytical expressions for stress
intensity factors are obtained. Numerical results for the interaction of outer cracks on the central one and con-
versely through stress intensity magniﬁcation factors have been calculated. Graphical plots of these results
conﬁrm the evidence of the phenomena of shielding and ampliﬁcation of the cracks depending upon spacing
of cracks, their common velocity of propagation and the depth of the layer.
2. Statement and formulation of the problem
Consider the interaction of three collinear Griﬃth cracks situated at the interface of an elastic layer of
depth h overlying a diﬀerent elastic half-plane. Let the cracks be opened under time independent antiplane
shear forces and are moving with a constant velocity v. Introducing the index i = 1, 2 to represent quantities
in the region of the layer and the half plane respectively, the only non-vanishing component of displacement
vector in the region are W(i) =W(i)(X,Y, t) in terms of ﬁxed coordinates (X,Y,Z) and they satisfy, in absence
of body forces, the following deferential equations of motion:o2W ðiÞ
oX 2
þ o
2W ðiÞ
oY 2
¼ 1
k2i
o2W ðiÞ
ot2
; ð2:1Þﬃﬃﬃqwhere ki ¼ liqi, qi and li are shear wave velocity, density and shear moduli respectively of the materials. Intro-
ducing Gallelian transformation such as x = X  vt, y = Y, z = Z and t = t, the above Eq. (2.1) becomess2i
o2xðiÞ
ox2
þ o
2xðiÞ
oy2
¼ 0; ð2:2Þwheres2i ¼ 1
v2
k2i
and W iðX ; Y ; tÞ  xiðx; yÞ; ð2:3Þis the displacement independent of time t.
The present study deals with the subsonic propagation (0 < v < ki) of cracks. So the present analysis is not
applicable to the case of supersonic propagation (vP ki) of cracks.
The cracks are now deﬁned by jxj < b, y = 0 and c < jxj < 1, y = 0 (b < c) (Fig. 1). Eq. (2.2) is to be solved
under the boundary conditionssð1Þyz ðx; 0þÞ ¼ sð2Þyz ðx; 0Þ ¼ pðxÞ; jxj < b; c < jxj < 1; ð2:4Þ
sð1Þyz ðx; 0þÞ ¼ sð2Þyz ðx; 0Þ; b 6 jxj 6 c; jxjP 1; ð2:5Þ
xð1Þðx; 0þÞ ¼ xð2Þðx; 0Þ; b 6 jxj 6 c; jxjP 1; ð2:6Þ
and sð1Þyz ðx; hÞ ¼ 0; 1 < x < 1; ð2:7Þtogether withxðiÞðx; yÞ ¼ 0; ðx2 þ y2Þ1=2 !1;
and sðiÞyz ðx; yÞ ¼ 0; ðx2 þ y2Þ1=2 !1; i ¼ 1; 2;where, p(x) being the applied antiplane shear stress independent of time.
3. Solution of the problem
Employing the Fourier cosine transformation,xðiÞðn; yÞ ¼
ﬃﬃﬃ
2
p
r Z 1
0
xiðx; yÞ cos nxdx ð3:1Þ
Oy
x
1cb-b-c-1
h (1)
(2)
Fig. 1. Geometry of the problem.
7882 S. Das / International Journal of Solids and Structures 43 (2006) 7880–7890the Eq. (2.2) becomesd2
dy2
xðiÞðn; yÞ  n2s2ixðn; yÞ ¼ 0: ð3:2ÞThe solution of (3.2) for the layer 0 6 y 6 h isxð1Þðx; yÞ ¼
ﬃﬃﬃ
2
p
r Z 1
0
Að1Þ1 ðnÞes1ny þ Að1Þ2 ðnÞes1ny
h i
cos nxdn; 0 6 y 6 h ð3:3Þand for the half plane 1 < y 6 0 isxð2Þðx; yÞ ¼
ﬃﬃﬃ
2
p
r Z 1
0
Að2Þ1 ðnÞes2ny cos nxdn;1 < y 6 0 ð3:4Þand then the non-vanishing stress components are given bysð1Þyz ðx; yÞ ¼
ﬃﬃﬃ
2
p
r
l1s1
Z 1
0
n Að1Þ1 ðnÞes1ny þ Að1Þ2 ðnÞes1ny
h i
cos nxdn; 0 6 y 6 h; ð3:5Þ
sð2Þyz ðx; yÞ ¼
ﬃﬃﬃ
2
p
r
l2s2
Z 1
0
nAð2Þ1 ðnÞes2ny cos nxdn; 1 < y 6 0: ð3:6ÞBoundary conditions in Eqs. (2.4), (2.5) and (2.7) give rise toAð2Þ1 ðnÞ ¼
l1s1
l2s2
Að1Þ2 ðnÞ  Að1Þ1 ðnÞ
h i
ð3:7Þ
and Að1Þ2 ðnÞ ¼ Að1Þ1 ðnÞe2nhs1 ð3:8Þ
Now setting f ðnÞ ¼ Að1Þ1 ðnÞ 1þ
l2s2  l1s1
l2s2 þ l1s1
e2s1nh
 
ð3:9Þthe boundary conditions in (2.4) and (2.6) ﬁnally yield the following triple integral equationsZ 1
0
nf ðnÞ½1þMðnhÞ cos nxdn ¼
ﬃﬃﬃ
p
2
r
pðxÞ
l1s1
; 0 < x < b; c < x < 1; ð3:10ÞZ 1
0
f ðnÞ cos nxdn ¼ 0; b < x < c; x > 1; ð3:11Þwhere MðnhÞ ¼ ð1 tanh s1hnÞ=ð1þ l1s1l2s2 tanh s1hnÞ, for the determination of the unknown function f(n).
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of the layer boundary diminishes and ﬁnally goes to zero.Setting f ðnÞ ¼ 1
n
Z b
0
hðtÞ sinðntÞdt þ 1
n
int1cgðu2Þ sinðnuÞdu; ð3:12Þit is found that Eq. (3.11) is identically satisﬁed ifZ 1
c
gðu2Þdu ¼ 0: ð3:13ÞEq. (3.10) under Eq. (3.12) leads tod
dx
Z b
0
hðtÞ log t þ x
t  x
 dt þ d
dx
Z 1
c
gðu2Þ log uþ x
u x
 duþ d
dx
Z b
0
hðtÞdt
Z 1
0
n1MðnhÞ sinðntÞ sinðnxÞdn
þ d
dx
Z 1
c
gðu2Þdu
Z 1
0
n1MðnhÞ sinðnuÞ sinðnxÞdn ¼
ﬃﬃﬃ
p
2
r
pðxÞ
l1s1
; 0 < x < b; c < x < 1: ð3:14ÞSetting, hðtÞ ¼ h0ðtÞ þ h2h1ðtÞ þ 0ðh4Þ and gðu2Þ ¼ g0ðu2Þ þ h2g1ðu2Þ þ 0ðh4Þ, the integral equations in
(3.14) reduce tod
dx
Z b
0
h0ðtÞ log t þ xt  x
 dt þ 2 Z 1
c
ug0ðu2Þ
u2  x2 du ¼
ﬃﬃﬃ
p
2
r
pðxÞ
l1s1
ð3:15Þ
d
dx
Z b
0
h1ðtÞ log t þ xt  x
 dt þ 2 Z 1
c
ug1ðu2Þ
u2  x2 du
¼ 2P
Z b
0
h0ðtÞdt þ
Z 1
c
ug0ðu2Þdu
 
; 0 < x < b; c < x < 1; ð3:16Þwith Z 1
c
giðu2Þdu ¼ 0; i ¼ 0; 1; ð3:17ÞwhereP ¼ l2s2
2ðl1s1 þ l2s2Þs21
þ l2s2ðl2s2  l1s1Þ
8ðl1s1 þ l2s2Þ2s21
:Rewriting Eq. (3.15) asZ b
0
h0ðtÞ log t þ xt  x
 dt ¼ pF 1ðxÞ ð3:18ÞwhereF 1ðxÞ ¼ 1p
Z x
0
ﬃﬃﬃ
p
2
r
pðyÞ
l1s1

Z 1
c
2ug0ðu2Þ
u2  y2 du
 
dyand using Cooke’s result (1968), the solution to the integral equation in (3.18) is found to beh0ðtÞ ¼  2pl1s1
tﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2  t2
p P 1ðtÞ  2p
tﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2  t2
p
Z 1
c
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u2  b2
p
g0ðu2Þdu
u2  t2 ð3:19ÞwhereP 1ðtÞ ¼ 1ﬃﬃﬃﬃﬃ
2p
p
Z b
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2  x2
p
x2  t2 pðxÞdx:
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2) is derived asZ 1
c
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u2  b2
p
g0ðu2Þ
u2  x2 du ¼ F 2ðxÞ ð3:20ÞwhereF 2ðxÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  b2
p
x
ﬃﬃﬃ
p
2
r
pðxÞ
l1s1
þ 2
pl1s1
Z b
0
t2P 1ðtÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2  t2
p
ðt2  x2Þ
dt
" #
:Now using Hilbert transform technique, the solution of the Eq. (3.20) is found to beg0ðu2Þ ¼
2u
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðu2  c2Þð1 u2Þðu2  b2Þ
q Z 1
c
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2ðx2  c2Þð1 x2Þp
x2  u2 F 2ðxÞdx
þ uC1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðu2  c2Þð1 u2Þðu2  b2Þ
q ð3:21Þ
where C1 is unknown constant to be determined from Eq. (3.17). Then closed form expression for h0(t) may be
obtained from Eq. (3.19) when use of (3.21) is made there. Again applying the same procedure and using the
above results, analytic expressions of h1(t) and g1(u
2) may also be derived. As a particular case of the problem,
setting p(x) = p, a constant, analytical expressions for hj(t) and gj(u
2), j = 0, 1 are obtained ash0ðtÞ ¼
ﬃﬃﬃ
p
2
r
p
l1s1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2ðc2  t2Þ
ðb2  t2Þð1 t2Þ
s
þ t  C1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðb2  t2Þðc2  t2Þð1 t2Þ
q ;
h1ðtÞ ¼  2PRp
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2ðc2  t2Þ
ðb2  t2Þð1 t2Þ
s
 t  C2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðb2  t2Þðc2  t2Þð1 t2Þ
q ;
g0ðu2Þ ¼
ﬃﬃﬃ
p
2
r
p
l1s1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u2ðu2  c2Þ
ðu2  b2Þð1 u2Þ
s
þ u  C1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðu2  b2Þðu2  c2Þð1 u2Þ
q ;
g1ðu2Þ ¼ 
2PR
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u2ðu2  c2Þ
ðu2  b2Þð1 u2Þ
s
þ u  C2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðu2  b2Þðu2  c2Þð1 u2Þ
q ;
where R ¼
ﬃﬃﬃ
p
2
r
p
l1s1
½Ib0 þ I1c   C1½Jb0  J 1c ;
Inm ¼
Z n
m
t2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2  t2
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðb2  t2Þð1 t2Þ
q dt;
Jnm ¼
Z n
m
t2dtﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðb2  t2Þðc2  t2Þð1 t2Þ
q ;
Cj ¼ Aj ð1 b2Þ EF  ðc
2  b2Þ
 
; j ¼ 1; 2withA1 ¼
ﬃﬃﬃ
p
2
r
p
l1s1
; A2 ¼ 2PRp :In the above F = F(p/2,q) and E = E(p/2,q) are the elliptic integrals of ﬁrst and second kinds respectively and
q ¼
ﬃﬃﬃﬃﬃﬃﬃ
1c2
1b2
q
.
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
bð1 b2Þ
c2  b2
s
E
F
1 2P
p
M
h2
 
þ 0ðh4Þ; ð3:22Þ
Kc ¼ p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c
ðc2  b2Þð1 c2Þ
r
ð1 b2Þ E
F
 ðc2  b2Þ
 
1 2P
p
M
h2
 
þ 0ðh4Þ; ð3:23Þ
K1 ¼ p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 b2
1 c2
s
1 E
F
 
1 2P
p
M
h2
 
þ 0ðh4Þ; ð3:24Þwhere M ¼ Ib0 þ I1c þ ð1 b2Þ EF  ðc2  b2Þ
 ðJb0  J 1cÞ 	.
The non-dimensional stress intensity magniﬁcation factors Mb, Mc and M1 at the crack tips x = b, x = c
and x = 1 are deﬁned as Mb ¼ Kb=Kb, Mc ¼ Kc=Kc and M1 ¼ K1=K1 where Kb is the stress intensity factor
at x = b due to the presence of the central crack only (Dhaliwal, 1992) and Kc , K

1 are the stress intensity fac-
tors at x = c, x = 1 respectively due to the presence of the outer cracks only (Das, 2003) and these are given byKb ¼ p
ﬃﬃﬃ
b
p E
F
1 2P
p
Q1
h2
 
þ 0ðh4Þ where Q1 ¼ Ib0 þ ð1 b2Þ
E
F
 1
 
Jb0 ð3:25Þ
Kc ¼
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cð1 c2Þp
E
F
 c2
 
1 2P
p
Q2
h2
 
þ 0ðh4Þ; ð3:26Þ
K1 ¼
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 c2
p 1 E
F
 
1 2P
p
Q2
h2
 
þ 0ðh4Þ; ð3:27ÞwhereQ2 ¼ I1c 
E
F
 c2
 
J 1c :4. Particular cases
(A) A particular case of the problem of two bonded dissimilar half planes (h =1) containing three Griﬃth
cracks at their interface is being considered.
Here M(nh) = 0 as h!1.
Hence (3.10) becomesZ 1
c
nf ðnÞ cos nxdn ¼
ﬃﬃﬃ
p
2
r
pðxÞ
l1s1
; 0 6 x 6 b; c 6 x 6 1:Proceeding in similar manner as in Section 3, we get the stress intensity factors asKb ¼ p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
bð1 b2Þ
c2  b2
s
E
F
;
Kc ¼ p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c
ðc2  b2Þð1 c2Þ
r
ð1 b2ÞE
F
 ðc2  b2Þ
 
;
K1 ¼ p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 b2
1 c2
s
1 E
F

 
:(B) When 1  c = constant and (1 + c)!1, then the problem reduces to a problem of a single Griﬃth
crack situated at the interface of two bonded dissimilar elastic media under antiplane shear.
(C) If b = 0, the problem reduces to a problem of a pair of interfacial Griﬃth cracks bonded between two
dissimilar elastic media under antiplane shear. Here the stress intensity factors at the tips of the cracks
are same as the expressions of (3.26) and (3.27). These results are in complete agreement with the results
of Das (2003).
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In Section 3, we deduced the expression of the stress intensity factors at the tips of the cracks when the layer
boundary is stress free. Some other possible conditions have been considered below:
(A) If the layer is ﬁxed, in this case the boundary condition (2.7) will be replaced byxð1Þðx; hÞ ¼ 0; 1 < x < 1; ð5:1Þ
MðnhÞ ¼ 1 tanh s1nhl1s1
l2s2
þ tanh s1nh :Accordingly, analysis and results of Section 3 remain valid subject to above modiﬁed value of M(nh).
(B) In this case we will consider that the interfacial Griﬃth cracks between two bonded dissimilar stress free
layers. Here the boundary conditions (2.4)–(2.7) hold with one additional boundary conditionsð2Þyz ðx;hÞ ¼ 0; 1 < x < 1: ð5:2Þ
Here Eq. (3.10) becomesZ 1
0
nf ðnÞ½1þMðnhÞ cos nxd1 ¼
ﬃﬃﬃ
p
2
r
1þ l1s1
l2s2

 
pðxÞ
l1s1
; 0 < x < b; c < x < 1 ð5:3ÞwhereMðnhÞ ¼ 2 l1s1e
2s2nh  l2s2e2s1nh þ ðl2s2 þ l1s1Þe2ðs1þs2Þnh
 	
ðl2s2 þ l1s1Þð1 e2ðs1þs2ÞnhÞ þ ðl2s2  l1s2Þðe2s1nh  e2s2nhÞ
:(C) In this case we will consider the problem of interfacial Griﬃth cracks between two bonded dissimilar
ﬁxed layers.Here boundary conditions of (2.7) and (5.2) will be replaced by the following boundary
conditions:xð1Þðx; hÞ ¼ 0; 1 < x < 1; ð5:4Þ
xð2Þðx;hÞ ¼ 0; 1 < x < 1: ð5:5Þ
Hence Eq. (5.3) will be replaced byZ 1
0
nf ðnÞ½1þMðnhÞ cos nxdn ¼
ﬃﬃﬃ
p
2
r
1 l1s1
l2s2

 
pðxÞ
l1s1whereMðnhÞ ¼ 2 l2s2e
2s1nh  2l1s1e2s2nh þ ðl2s2  l1s1Þe2ðs1þs2Þnh
ðl2s2  l1s1Þð1 e2ðs1þs2ÞnhÞ  ðl2s2 þ l1s1Þðe2s1nh  e2s2nhÞ
 
:6. Numerical results and discussion
In this section numerical results of the stress intensity magniﬁcation factors for various values of crack
length and crack speed are presented through the Figs. 2–10 when the layer thickness h = 4(2)12, the non-
dimensional crack tip velocity v/k1 = 0.2, 0.6, 0.9 and the ratio of the material constants k1/k2 = 0.6 and
l1/l2 = 0.5. For studying the interactions between the central and the external cracks, plots of stress intensity
magniﬁcation factors through Figs. 2–10 have been made. It is observed from Figs. 2–4 that on keeping the
central crack length ﬁxed at b = 0.5, the stress intensity magniﬁcation factor Mb decreases with a decrease in
the outer crack length and increases with an increase in v/b1. In this case the interaction eﬀect of outer crack on
the central crack is a mixture of ampliﬁcation and shielding. When the outer crack is relatively smaller
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Fig. 2. Plot of Mb versus h at b = 0.5 and v/k1 = 0.2.
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Fig. 3. Plot of Mb versus h at b = 0.5 and v/k1 = 0.6.
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Fig. 4. Plot of Mb versus h at b = 0.5 and v/k1 = 0.9.
S. Das / International Journal of Solids and Structures 43 (2006) 7880–7890 7887(c = 0.7, 0.8) and the normalized crack tip velocity is equal to v/k1 = 0.2, the shielding eﬀect (since Mb is less
than unity, the interaction eﬀect is one of shielding) is maximum. It is also observed that the shielding eﬀect
increases slowly with the increase in the depth of the layer. As the outer crack length increases, i.e., the outer
crack comes closer to central crack (c = 0.6), the eﬀect of interaction is that of ampliﬁcation (Mb > 1) which
again diminishes with the increase in h and increases with the increase in v/k1.
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Fig. 5. Plot of Mc versus h at c = 0.5 and v/k1 = 0.2.
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Fig. 6. Plot of Mc versus h at c = 0.5 and v/k1 = 0.6.
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Fig. 7. Plot of Mc versus h at c = 0.5 and v/k1 = 0.9.
7888 S. Das / International Journal of Solids and Structures 43 (2006) 7880–7890When the outer crack length is kept ﬁxed at c = 0.5, it is observed from Figs. 5–10 that the stress intensity
magniﬁcation factorsMc andM1 increase with an increase in the central crack length, with an increase in v/b1
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Fig. 8. Plot of M1 versus h at c = 0.5 and v/k1 = 0.2.
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Fig. 9. Plot of M1 versus h at c = 0.5 and v/k1 = 0.6.
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Fig. 10. Plot of M1 versus h at c = 0.5 and v/k1 = 0.9.
S. Das / International Journal of Solids and Structures 43 (2006) 7880–7890 7889and decreases with the increase in h. In this case the interaction eﬀects of the central crack on the outer crack
are ampliﬁcation only. At both the ends of the outer crack, interaction eﬀect increases and the maximum
ampliﬁcation attains when the central crack tip is closer to the outer one (b = 0.4).
7890 S. Das / International Journal of Solids and Structures 43 (2006) 7880–78907. Conclusion
Thus we have seen that the eﬀect of interaction between the central and outer cracks is a mixture of ampli-
ﬁcation and shielding or simply ampliﬁcation depending on the length of the cracks, the crack speed and also
the depth of the layer. When the outer crack is smaller and crack speed is less than unity, there is possible crack
arrest of the central crack. When the outer crack is broad, there is propagation tendency of the central crack
towards the outer crack. Again as the central crack length extends, the propagation tendency of outer crack at
both ends increase due to increase of ampliﬁcation.
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